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CHAPTER XXVIIL

Qf applying the Law of Mortality, towards reducing contingent
or reverstonary sums lo a present value.

250. Amouy the useful purposes to which the law of
mortality is applicable, a principal one, of daily recur-
rence, is that of ascertaining the present value of life-
annuities and of reversionary property. The only means
of such ascevtainment, with a desivable correctness, are
derived from a combination of the probabilities of hfe
to be deduced from that law, with the rated intevest of
money ; the lJatter being a necessary  element of com-
putation.  Aund when proveeding on this, the importance
of exclusively applying an appropriate modification of
the general law of mortality, according to the class aml
sex of the considered lives, must now be fully understood.

a51. Several branches of those results are susceptible
of being tabulated by anticipation; and taking joint-lives
into view, the tabulations may cmbrace a vast extent.
On this matter, much lahour has alveady Deen Lestowed.

252, The celebrated Luler computed the values of
single lives, from Kersschoom’s tables of mortality, at
Jive per cent. interest ; as also Mr. de St-Cyran, from the
same tables, at various rates of interest.  Mr. Depar
cicux likewise computed the values of single lives ac-
cording to his own tables referred to the class of tontine-
nominees; as also Mr. de Florencourt, from the same
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tables he corvected. Mr, Dupré de St-Maur computed
other tables of values, subscquently inserted in Bullon’s
work. After them, Mr. Milne supplied complete 1ables
of the values of life-annuitics, both on_single and on
joinl—li\'cs, computed according (o various rales of interest
and to the Jaw he constructed from  experience o the
mortality of the town of Carlisle ; which Jaw las leen
eminently  serviceable to seience, at a time when  the
Northampton Jaw was too indiscriminately and often very
injudiciously applied.  Subscquently, Mr. Davies published
further elaborate tables of valued life-annuities and re-
versions, computed in the same manmer, and according to
various rates of interest, combined with the law of mor-
tality he concluded from the experience of the “Lquitable”
life-insuvance oflice. The late Mr. Mazeres and the late
D, Price had previously supplied analogous tables; the
former, according to the Jaw deduced from Deparcieux’s
ohservations on sclect classes of lives in I'rance; and the
latter, according to his Jaw concluded from the North-
ampton Experience, as also to the law he concluded from
Mr. Wargentin's observations on the mortality in Sweden.
Other sets of tables, falling under a similar description,
have lately heen published "by Mr. Finlaison ; their com-
putation being from a law of mortality the discussion of
which has Dbeen the matter of our XX™ chapter. And
lastly, the writer of these pages has considerably ad-
vanced his tabulated valuations of life-annuitics, of rever-
sions, cte., under the respective combinations of distinct
rates of interest with cach of the ten modifications here
set forth of the Jaw of mortality: but the publication
of those extensive tables must be postponed, until leisure
shall have heen found for their completion, if then it
may be rcconciled with other considerations.

253, Meanwhile it may be proper to state the following
principles. and methods, upon which such compulations are
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generally 1o e procecded with; as also to point out some
means of sccuring their accuracy, with all possibly cconomy
of lime and labour.

254. Retaining for the symbols ¥ and p their preceding
significations, — the former, that of any year of age
completed by the considered individual,—and  the latter,
that of any quantity of survivors at such age, ont of &
given quantity of births, according to the decrement
veferable to the appropriate law of mortality 5 let » further
signify a fractional quantity, cqual to one year's interest
in a single instalment, supposing iy to represent the
principal sum; and let also x signify a teem of fortlicoming
years, (o the expivation of which will he referved any

~sum then veceivable or payable, when the (uestion is

of reducing such future sum to a present cquivalent,
1 shall

(11 .
certaiuly fortheoming at the expiry of the term signified
by X, that sum vepresented by wnity discountable for
that term at compound-interest according o its ratio
at the same time as — X a (1 =) is the logavithn of that value,

‘Then express a present value of the sum

expressible only by a fractional uantity; and 2, = ) .x

" ye (1)
shall likewise express, by a still smaller  quantity,
the present value of a future and contingent  sum  also
represenied by wnity and available at the expiry of the
term X, but conditionally on the assigned life actually
of the age x being still extant at the further age x - X.
'That general expression u,, the logarithm of which is

.

A Peax—2as— Xa (1<), shall be the basis on whicl
to rest the computation of any value hercafter significd
by 2., heing that of the annuity depending on a single
life.

255, Tlaving adniitted X generally to represent all suceessive
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munbers of years, heyond that of the individual’s present age
a; if the corresponding values represented by u he accord-
ingly computed, we shall have a scries w,, correctly
expressing present values of the comtingent unity incoming
at the expiration of every succeeding  year, until any
term  at which  the covvesponding  value hecomes  so
reduced as no longer to he of consideration; v =3 ux,
the sum of partinl values wuy, shall then express the
olab value or Principal, by a quantity of years” pur-
chase of such annuity, or of the income in a single
payment at the expiration of cach further year of the
considered Jife : understanding, however, that no ultimate
claim of income is to be grounded on any period of days
elapsing hetween the last vevolved year and the failure of
such life.

256. The method of computing the value of an annuity
made to depend on the joint continnance of Lwo lives is
perfectly analogous with the prcccding. ,Supposing those
lives of the same class, sex and age, a sevies U, will he
formed of successively partial values U= ._._,] x o X ; whence

Jii-+1)
V = £'Uy shall be the value of such an annuity, also
expressed by a quantity of years’ purchase, with the
same understanding as above.

257. Supposing again thosc lives to be of different ages,
thongh of similar class and sex: if then-the ages ave respecti-
vely signified by and by 2', the preceding formula wiil be
converted into U =— Ye ox X Vo eX. ywhence V =z Ux

. ) J-J‘XJ.I’ X ( I +’.)K .
as before.  Dutin case of the lives heing of diflerent sexcs, or of
different classes, it will be necessarj' to apply the appropriate
modifications of the law ofinortality ; multiplying the quantity

Ye+X which the one modification may wvepresent, by 1ls
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corresponding quantity Ja=X according 1o the other, and
_T.l'

dividing the  product by (1 <4-r)%; whenee the process
stated in the 255" pavagraph shall equally yield a series
Uyx, the summation of which V== x Uy, exhibiting the
present value of the anmuity on jointlife; always with
the wderstanding  aforesaid.

238. YWhen the question is of tabulating, by auticipation,
the values cither of single or of joint lives, according to
successive years of age, and to any given rate of intevest,
i great cconomy of time and of mental labour, as also
a sccurily against incidental ervors, will result from the
follosving mode of procecding.

a§g. Iaving stated in one column all logarithms of the
successive quantities ny, with reference cither to any
carliest age signified by x, or to the carliest two ages
sipnificd by & and by af in the case of joint lives,
those logavithms  beiug positive quantitics, in expressing
which, all the uegative indices shall he omitted ; every
succeeding column, referving to ages more advanced, will
be formed by the one immediately preceding, exclusively
of its first term, and adding to cach of its subsequent
teems  an cgual  quantity, being the arvithmelic  com-
plement of that first term of the series. The motive
is obvious. Each quantity, cither 1 or U, heing produced by
the probability that a single life aged x years,—or else two
joint-lives as deseribed, — shall endure another year,
multiplicd by the discounted value of wunity for onc year;
it follows, that when such first year is expired the mere
probability hias become a certainty, as also that the dis-
counted sum has recovered an integral value, as regards
cither the life aged x Laving then attained the age x4~ 1,
or as regavds the joint-lives Dboth of which have in
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the same manner advanced another year; wheace the

logavithm of the probability, and that of the discounted

value, shall  have vespectively visen to o, {rom heing

negative  quantities  referred lo the year of age imme-

diately preceding; and all other logavithns in the column

A, shall increase by a similar quantity, to form the
X

colmmn » 1, . YVhen thus proceeding, ervors will he

X + 3 )
puarded against, by obscrving, as a natural consequence,

that the successive, quantities aw, s A, . oAl ,

X+t X - 3 xr + 3

an, vevenee all, , must he respeetively equal to the

r o+ 4 xr ' n

corresponding quantities ar, — a#t, 5 Al — AU, , Ay
x - X

x X

— au, , in the same

— Ally 4 AUy = AU eeneen Al
X x X X X
order of succession; whence no incidental ervor could
escape detection.  And further the chances of crror will
he diminished, as also a considerable saving of time
will be obtained, by avoiding to appropriate in the
logarithms more figures than steictly necessary. Iive are
suflicient for the purpose of all desivable accuracy, which
then admits four decimal figures to express the most clevated
among the fractional quantitics uy; and it would be a
mere  delusion to imagine that a nearver approach to
absolute correciness, in a matier vesting entlively on pro-
habilitics and approximaltions, could he: obtainable through
the introduction of any greater number of decimal figures
in the expriessed valuations of annuilics by (uantities of
years’ purchase. The writer devived gieat economy of
time from using Lalande’s table of logarithms thus limited,
and carcfully transcribed within the smallest possible space.
Errors may however arise on converting the 2wy info
their corresponding quantities ux, by the tables of loga-
rithms, although with ordinary atlention they should but
scidom oceur when having only four figures 1o set down; as
also further ecxrors on summing up » == x Wy. Bat a
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ready method of detecting all such cvrors will be to noty Jifering from those fiest supposed and always assumed
the suceessive  diffevences v, B v,y ey B Ve, when the values ave tabulated by anticipation,
., ., cle., throughout the whole servies of '
computed values; and to remark where the regular pro- 262, In case of an annuity stipulated to accrue at the N
ression of those dillerences may he materially disturhed, commencement — instead of the expiration — of every i
thus pointing out any specific quantity v, or series Hx succeeding year, cither of the valualions , compuled as |
involving probable crvor.  All that 1s here mentioned before, are to e inc.r(.:asul by unity or a “’!IOIU )'cz‘u"s
veferably to u and to @, cqually applics 1o U and to V purchase; the only difference then consisting in the first

year's anlicipaled income, which indced is nothing clse
than an abalement on the principal sum  or purchase

regarding amuitics on joint-life.

price.

aGo. The present value, or Principal, of an annuity
contingent on the lougest of any two lives, — which im-
plies its being payable until both lives shall have dvop,
~is immcdiately determinable from a previous ascertain-
ment of the respective values of three equal annuities,
two of which contingent on cach of those lives singly
considered , and the third on their joint-conlinuance.
Supposing the values of the single lives respeetively to
be » aud 2, as also ¥V 10 be the value of theiv joint
contimtance, the value of the longest life shall obviously
be, in all cases, v - o' — ¥V, or the sum of the first
two values abating the thivd, or value of the eventually
shortest Jife; which necessarily follows from the latter’s
ullimatcly proving identical with the one or with the
other of the two, whose conlingencies were sepaiately.
valued.

363. There arve two other cases, both independent of
cach other, as also of the preceding; but the solution of
questions involved by those cases requires previously lo
ascertain  another  quantity, which we may  generally
signify by ¢ That quantity, — cither ¢,, &, or
lot o vy — EX]IEsses a ferm cerlain of years, during which,
and by an equitable composition, the annuity. of whatever
deseription might be continued, instead of being made
to depend on the uncertain duration of life. By consulting
the clementary works that state invariable relations
hetween these five quanlities, — the annuily, --— its
cumulated amount at the expiry of any given term, — its
value or the principal, — the ratio of interest, — and
the term of years of the annuitys’ continuance; and in
which works it is further demonstrated, that any three
of those quantitics being stated, the other two become
ascertainable; it will he found that the relative term ¢,
according to the respectively predetermined values, is

261. When stating the above rules, the life-annuities
of different descriptions have been  exclusively considered

T

: as accruing at the expiration of cach revolved year, and (1 — rv) (1—rV)
ik as terminating with the last of those years prcccding cither £, =" 2% "7 s v = . y OF Lysyry .
I he failure of the Tife on which such income . » (1 1) A (147)
the failure the life on which such income depended; . v -
but as other conditions may attach to the grant of any = 2 (Lzrlv+v — ])
(v 1) ' y

life- annuity, it is nccessary further to staie the modifi-
cations of value consequent on each particular condition,

a64. Reverting to the two cases mentioncd in the first
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of sur\'i\'urship. My, Morvgau's rule *, for computing
those probabilities, is lowever withont application in
the case of two lives dillering in sex or in class, and
thence requiring a reference to distinet modifications of the
lawr of mortality.

+

26g. Having thus ascertained the equivalent of any rever-
sionary property, it is casy further to determine an annual
sum substitutable for that equivalent and depending on the
contingencies of life in the presupposed cases, of single, of
joint, or of longest life; which annual sum is wsually denomi-
wated Premium of Insurance.  Such premium heing nothing
clse than an annuity, into which the principal sum is con-
verted by mutual agreement, and considering  that it is
usually discharged by anticipation of cach year in a single
payment; it shall then be, cither b ) B

Vg1 ¥ 1

, uccording to the specific case. But it

, or

| Iy |

Pod ! —V o1
must he understood, that any premium of life-insurance
computed on those grounds, — however equitable, — leaves
entirely out of consideration the charges of management,
requisite profit, and liabilitics necessarily incurred by
public institutions, when transacting business of that
nature.

270. It is immediately conscquent on whal has just
been stated, that the title to property, denominated Policy
of Insurance on Life, possesses a value increasing with the
advance of time since the contract was cntered into. At any
posterior period, the real value of the l'cvcrsio‘n, whether that
value were b, B, or b4- 8 —B, will he more or less superior

(*) N, Morgan has computed the probahilities of survivorship, according
to the Sweden mortality-tables; as also Mr. Milne, according to his tables for
Carlisle,

R SN RS R AR AN N Wl T PR e,
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o what it was originally; whilst the ity or premium,
charged wpon that original value, will represent a smaller
capital, at which it should be redeemable. 'The property
ina Policy may therefore at all times he equitably purchased
at the then present value of the reversion, according to
the ages of the life or lives on which it depends; abat-
ingg the present value, also, of the life-annuity as then
describable. This simple rule applies to all possible cases ;
there existing no adequale motive for excluding from the
henefit of hife-insurance, cither joint-lives, or a surviver's
life. Itis of no small importance for the public, at large,
to he facilitated in ascertaining the fair value of such
titles of property; a due information respecting  which
may vender the unpretending individual less dependant
on avbitvary dealing.  Some oflices of life-insurance are
understood to notify, at the time of contracting, the gra-
dually increasing valuations from year to year, at which
they are willing to purchase the policies originating with
themselves ¢ a very Jaudable regulation, which all offices
of that deseription ought to adopt. It is hut scldom that
contingent property of any kind, when thrown on the
market, may obtain its full value; and a life-annuity in
pavticnlar has, from special fitness, its greatest appreciable

value when in the nominee’s possession.

271. This chapter is confined to stating those appli-
cations of the law of mortality which relate to resulis
susceplible of tabulation for occasional use. There are
numerous other objects of application, the appropriate
rules for most of which are to be found in various pub-
lications, chiefly those of Mr. Morgan. The circumseribed
purpose of the present work further reinders unecessary
that those statements should embrace the joint considera-
tion of any more than two lives, the valuation of contin-

gencies depending on which might equally he called for. .
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